We present measurements of the resonance structure for nondegenerate four-wave mixing ͑4WM͒ in the diamond configuration in a warm atomic vapor of rubidium. We show that a narrow sub-Doppler feature exists and can be understood as a result of velocity-class selection. We measure the efficiency of the 4WM process and show it to be on the order of 1 ϫ 10 −4 . Our observations are consistent with the results of a theoretical treatment based on the semiclassical Maxwell-Bloch equations for the system with the appropriate coupling values derived from the experimental values in Rb.
I. INTRODUCTION
Four-wave mixing ͑4WM͒ in atomic vapors has been explored extensively in the past. Some of the original work investigated basic nonlinear optics, interference phenomena among various optical processes ͓1͔, and the generation of squeezed light ͓2͔. Recent work in 4WM in atomic vapors has lead to large twin-beam multimode squeezing with possible applications to quantum imaging ͓3,4͔. Other work has shown some of the tools necessary for long-distance quantum communication including optical qubit storage and retrieval ͓5,6͔.
Much of the recent literature has exploited the ⌳ or double-⌳ atomic level structure, which benefits from coherence between the two lower stable states. Here we concern ourselves with a warm ensemble of atoms in the diamond configuration, illustrated in Fig. 1 . The diamond level structure has one stable ground state, two intermediate levels, and one top state, pairwise coupled by the electromagnetic field as indicated. Earlier theoretical work has shown that this level structure gives rise to interesting phase-sensitive propagation behavior ͓7͔. Also, polarization entangled photon pairs have been demonstrated via spontaneous 4WM from both a laser-cooled ensemble ͓8͔ and in a warm ensemble ͓9͔ like the one we consider here. The complicated resonance structure of a strongly driven diamond system has been investigated in Ref. ͓10͔ . Note that in rubidium the upper state can be chosen such that the frequencies of the light fields are at telecommunications wavelengths ͑1.3 m for the 6S and 1.5 m for the 4D͒, and may have possible applications for quantum communication ͓8͔. With all of this in mind, it is the goal of this work to understand some of the basic aspects of the 4WM process in this system.
We investigate 4WM in a warm atomic vapor of Rb atoms. We are concerned with the basic resonance structure of the 4WM interaction in a thermal medium, as well as the efficiency of the process. In the following Sec. II we discuss the experiment and present our measurements. In Sec. III we describe a simple theoretical treatment based on the semiclassical Maxwell-Bloch equations that show agreement with our data. We conclude in section in Sec. IV with some of the calculations presented in the Appendix.
II. EXPERIMENT
We apply three lasers beams to a 1.5 cm long vapor cell of isotopically pure 85 Rb to investigate the resonance structure of the 4WM. The cell is heated to 100°C with a resistive heater. The three applied laser beams intersect in the center of the cell at small angles. The beams are at 795 nm ͑ 1 ͒, 1324 nm ͑ 2 ͒, and 780 nm ͑ 4 ͒, with wave vectors k ជ 1 , k ជ 2 , and k ជ 4 , respectively ͑see Fig. 2͒ . The beam waist of the applied laser fields are all approximately 1 mm. We work in a regime in which all the applied laser beams are above the saturation intensity. Both the 795 and 1324 nm beams are horizontally polarized. The polarization of the generated beam is then the same as the 780 nm laser polarization which we arbitrarily chose to be vertical. The efficiency of the process does not depend strongly on the choice of 780 nm pump polarization. The generated beam with angular frequency 3 and wave vector k ជ 3 must fulfill energy conservation and the phase matching condition, namely, 
͑2͒
Although we will not use it in the discussion here, we should point out that there exists a third conservation law related to angular momentum that creates particular correlations among the photons and the magnetic sublevels of the process ͑see Ref. ͓8͔͒.
A. Resonance structure
First, we observe the intensity of the generated light at 1367 nm as a function of the detuning of the 1324 and 780 nm lasers. The 795 nm laser is locked 1.5 GHz red-detuned from the D 1 line using RF sidebands and saturated absorption on an auxiliary Rb cell. We scan the 1324 nm laser across the two-photon resonance and the 780 nm laser across the D 2 Doppler peak. In Fig. 3 we plot the intensity of the generated 1367 nm light which exhibits a narrow Gaussianlike resonance. Figure 4 shows a slice of the surface plotted in Fig. 3 at a constant 1324 detuning. We lock the 795 nm laser 1.5 GHz red of the D 1 line while the 1324 nm laser is locked such that the two lasers together are resonant with the ͑5S 1/2 , F =3͒ → ͑6S 1/2 , F =3͒ two-photon resonance. The 1324 nm laser is locked using a digital transfer-cavity lock ͓11͔. We scan the 780 nm laser over the D 2 line. There are three peaks in the 4WM signal corresponding to the three allowed intermediate hyperfine states. The largest peak involves the F =4 intermediate state.
B. Generation efficiency
It is important to consider the efficiency of conversion from 780 nm photons to 1367 nm photons for application in various quantum communication protocols. Figure 5 shows the power in the generated light as a function of the power in the 780 beam for several different 795 laser powers. The efficiency is never greater than 1 ϫ 10 −4 , due to the absorption of the medium ͑see Sec. III͒. The residual magnetic field ͑Ͻ1 G͒ does not affect the efficiency in any significant way.
III. THEORY AND ANALYSIS
We are concerned in this section with understanding the origin of the sharp peak in Fig. 3͑a͒ and the efficiency of the 4WM process. To this end we apply the density-matrix formalism and solve the Maxwell-Bloch ͑MB͒ equations ͓12͔.
A. Maxwell-Bloch treatment
We model the system with the standard density-matrix treatment including spontaneous decay. We have a four-level atom with the structure indicated in Fig. 1 . Our atoms are coupled to an electromagnetic field of the form
We use the notation indicated in Fig. 1 in which the generated beam is of frequency 3 = 1 + 2 − 4 . The propagation direction of each laser is given by k ជ i , where ͉k ជ i ͉ =2 / i . We define the one-photon detunings as FIG. 3. ͑Color online͒ Generated 1367 nm intensity as a function of 780 and 1324 detuning. The narrow feature is a result of velocity-class selection. For this example P 780 = 3 mW, P 795 = 100 mW, and P 1324 = 5 mW. The 795 nm laser was detuned 1.5 GHz red of the D 1 F =3→ F =2,3 peak. The data appears in a͒, b͒ is our model ͑discussed below͒.
tunings are ⌬ ca = ⌬ cb + ⌬ ba and ⌬ bd = ⌬ ba − ⌬ da . We define ␥ ij to be the atomic decay rate in radians per second from level i to j and ⌫ ij to be the average of the total decay rates from levels i and j. Finally, we define the spatially varying Rabi frequencies
We also factor out the fast time dependence of the laser fields from the density matrix elements such that ij = ij exp͑−i ij t͒. With these definitions the density-matrix equations become
We can write these equations in the form R ជ = ជ where R is a 16ϫ 16 matrix and ជ is a length-16 vector containing the elements of the density matrix. In the steady state this reduces to R ជ s =0 ជ . Because of conservation of population the rows R are not independent and therefore we replace the aa equation with the trace condition, ⌺ i ii = 1. Then the equation to solve is R ជ s = y ជ, where y ជ = ͑1 0 0 0 ...͒ T . Note that since we are discussing a thermal ensemble of atoms, the motion of the atoms will be an important factor in the emission spectrum. Atomic motion can be included through the Doppler shift of the various laser detunings for each velocity v, e.g.,
Integrating each density-matrix element over the Boltzmann distribution then gives
In some cases it is sufficient to calculate the steady-state polarization of the medium. In others, particularly when several competing processes are at work, such as 4WM and absorption, one must take propagation into account. For an electromagnetic field propagating in an atomic medium with a polarization of the form
the wave equation in the slowly varying amplitude approximation becomes
The atomic polarization is related to the density matrix through P = N͗͘ = N Tr͑͒. The polarization of the medium that contributes as a source for the 4WM process is P 3 ͑z͒ = N dc cd , with similar expressions for the other P i . We solve the coupled set of equations for the field and atoms down the length of the atomic ensemble. We neglect any possible transverse effects. Figure 6 shows a typical solution to the MB equations with ⌬ ba =−⌬ cb = 1500 MHzϫ 2. The incident intensities are I 1 = I 2 =10 mW/ cm 2 and I 4 =1 mW/ cm 2 . Figure 6͑a͒ shows the intensity of fields 3 and 4 as a function of propagation distance in the medium. Linear absorption dominates the behavior of field 4 while parametric 4WM leads to the generation of field 3. In Fig. 3͑b͒ we see the polarization of the generated beam, P 3 , as a function of propagation distance and velocity of the atoms in the medium. The polarization decreases as a function of length due to the absorption of the field 4 while only a narrow band of velocities, centered around v = 0 for the parameters used here, contributes to the 4WM process. Intuitively this feature can be explained by the fact that the 4WM process is strongest in resonant atoms. Since we are working in a thermal cell, given a set of proper detunings, only one velocity class ͑a group of atoms all moving with roughly the same velocity with spread v Ϸ ␥ / k, where k and ␥ are some characteristic wave vector and atomic linewidth, respectively͒ will be resonant for 4WM at a time. To lowest nonzero order the solution to Eq. ͑4͒ for the polarization component which contributes to simple 4WM is proportional to
where PM stands for phase matched. In the present case the 795 nm ͑ 1 ͒ laser is so far off resonance ͑⌬ ba Ϸ 1.5 GHz͒ that there are essentially no atoms with a velocity large enough to Doppler shift them onto one-photon resonance with that beam. However, some velocity class v R exists such that the two-photon a → c transition is resonant. If we then ask what 4 must be to be resonant with that same velocity class we are lead to the two equations, 0 = ⌬ ca + k ជ 2␥ · v ជ R , and
We can eliminate v r and are left with an equation for the 4WM resonance peak position in the ͑⌬ ca , ⌬ da ͒ plane,
For the Rb level structure we use, the slope is M = k 4 / k 2␥ = 0.637. We measure the slope of the 4WM feature with two calibrated Fabry-Pérot scans for several different detunings of the 795 nm laser, all of which are outside of the singlephoton Doppler peak. Figure 7 shows a typical measured resonance structure with the best fit line through the maxima. The result is M measured = 0.62Ϯ 0.02, which is in agreement with the theory.
C. Conversion efficiency
We define the conversion efficiency of the 4WM process as E = I 3 ͑L cell ͒ / I 4 ͑0͒. This is the ratio of the generated 1367 nm light to the 780 nm pump. The efficiencies measured in the experiment are presented in Table I . One could solve the MB equations with parameters similar to that in the experiment, namely, a cell of length L = 1.5 cm at temperature T = 90°C and pump powers P 795 = 15 mW and P 1324 = 5 mW. However, the answer is highly dependent on the choice of dipole moments. Since the model we are solving is only a four-level approximation ͑ignoring the hyperfine and Zee- FIG. 6. ͑Color online͒ Typical solution to the MB equations in the diamond system. ͑a͒ The intensity of fields 3 and 4 as a function of propagation distance. ͑b͒ The polarization, P 3 , of the generated field as a function of propagation distance and velocity class. man sublevel structure͒, we cannot expect it to give an accurate estimate of the efficiency. A full Doppler-broadened MB calculation that includes all the relevant atomic levels is a computationally intensive task. Instead we apply perturbation theory and calculate the lowest-order response functions for both fields 3 and 4. We make the approximation that the pump fields 1 and 2 are constant. We assume linear absorption or dispersion to be the dominant process for field 4. Given these assumptions, we may solve the wave equation for E 4 and get
Here ␣ =2k 4 da 2 N / ប and 1 is the Doppler averaged linearresponse function which includes all relevant structure of the 5P 3/2 excited and F =35S 1/2 ground states ͑see the Appendix͒. Here da = ͗␣ЈLЈʈrʈ␣L͘ is the reduced dipole matrix element. All the six-J and three-J symbols have been absorbed into the definition of 1 . We consider only phasematched emission into field 3 and insert the result into the wave equation, yielding
where =2k 3 dc ad ba cb NE 1 E 2 / ប 3 and 3 is the Doppler-broadened nonlinear susceptibility which takes all relevant atomic structure into account ͑see the Appendix͒. Again the tilde denotes reduced dipole moments. The numerical values for these are ba = da Ϸ 5.2ea o and cb = cd Ϸ 5.2ea o . We solve this simple differential equation subject to the boundary condition E 3 ͑0͒ = 0 and get
In the limit that the interaction region ͑the cell͒ is much longer than the characteristic absorption length of field 4, we can take z → ϱ. The exponential in Eq. ͑12͒ then goes to zero and the efficiency becomes
Notice that the atomic density, N, is absent. To apply Eq. ͑13͒ to a Doppler free medium such as an ensemble of cold atoms, one could drop the bars on the response functions, giving a closed-form solution. We have checked that the MB result agrees with Eq. ͑13͒ when we restrict the perturbative treatment to the simple 4-level atomic structure. We do not know of a simple form for the inhomogeneously broadened response functions so we numerically integrate them. For parameters similar to those in the experiment we see a peak theoretical efficiency of 2 ϫ 10 −5 . This theoretical efficiency is of the same order as the experimental efficiency, which is reasonable, given the number of approximations we are making ͑e.g., perturbative response functions, linear absorption, undepleted pumps, plane-wave fields͒. Clearly, the conversion efficiency of 780 nm light to 1367 nm light is limited by the linear absorption of the medium. One may consider using electromagnetically induced transparency ͑EIT͒ to possibly increase the 4WM efficiency ͓13͔.
IV. CONCLUSION
We have observed 4WM in the diamond configuration in a warm atomic ensemble of rubidium. We have observed narrow features in the 4WM gain that arise from velocityclass selective resonant enhancement. We have measured the efficiency of the 4WM process and have shown it to be low, on the order of 1 ϫ 10 −4 due to the linear absorption of the pump beam.
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APPENDIX: CALCULATION OF THE SUSCEPTIBILITIES
We present in this appendix how we calculate the susceptibilities, 1 and 3 , used in Eqs. ͑10͒-͑13͒. To calculate 1 we use the fact that the 780 nm laser, or field 4, is resonant with the 5S 1/2 F = 3 ground state to the 5P 3/2 F = 4 excited state and ignore the other F = 2 ground-state manifold. Atoms that are Doppler shifted into resonance with the 5P 3/2 F =3 and F = 2 states contribute to the absorption, so we keep those states as well. We assume linearly polarized light along the x direction and all field propagation along ẑ. Summing over all allowed transitions between magnetic sublevels and averaging over the initial states gives us 
͑A1͒
Here ␦ j = ⌬ d j a 3 − i⌫ d j a 3 . The state labels ͑e.g., d 4 ͒ refer to hyperfine states indicted in Fig. 1 and the subscripts indicate the F sublevel. We again only consider the F = 3 portion of the groundstate manifold for the calculation of 3 . Because the 795 laser is far detuned from the 5P 3/2 states we must keep both the contribution from the F = 2 and F = 3 hyperfine states. In the experiment the 795 and 1324 nm lasers are tuned to two-photon resonance to the 6S 1/2 F = 3 manifold. We ignore the F = 2 upper state. From Fig. 4 it is clear that the 4WM process is strongest through the 5P 3/2 F = 4 states so we keep only terms involving that state and disregard the contributions from the rest of the D 2 line. Fields 1 and 2 are taken to be polarized in the ŷ direction while field 4 is polarized along x. This choice of polarization forces the generated field 3 to be polarized along x as well. The result is We arrive at the Doppler-broadened response functions following the prescription of Eq. ͑5͒.
